The work of Greither and Pareigis details the enumeration of the Hopf-Galois structures (if any) on a given separable field extension. We consider the cases where L K is already classically Galois with
We also seek to avoid the problem of the growing size of B, while still working within the original Greither-Pareigis framework. We shall consider the N as distinct subgroups of B 
Proof. These calculations are based on the group laws in each of the five groups in question, based on the presentations in 2.1.
As we will need this information later on when calculating normalizers, we include the following.
Proposition 2.3:
where
where 
Proof. In a regular permutation group, all non-identity elements act without fixed points. As such, if π is an element of order p in a regular permutation group of order 4p, then it must be a product of the form π 1 π 2 π 3 π 4 where the π i are disjoint p-cycles. If P is generated by ε ¤ ε 1 ε 2 ε 3 ε 4 , a product of disjoint p-cycles then, since π 1 π 2 π 3 π 4 has order p, if it normalizes ¥ ε 1 ε 2 ε 3 ε 4 ¦ then it must centralize since the automorphism group of a cyclic group of order p has no p-torsion. Therefore πε 1 ε 2 ε 3 ε 4 π 
Now if π centralizes then so does π e for any e and so we may assume that
. Therefore, we may assume that, indeed, Supp
id that is π i is a power of ε i , but since k is non-zero (hence a unit mod p) and ε i and π i have order p, then similarly ε i is a non-zero power of π i . 
4 and set0 
In summary we have
As observed in 2.7, with respect to the π i that generate P , we must have that P ¢ N£ is generated by π 
but we must have 
which again implies that u 4 ¤ 1 which means that u ¡ 1 since these are the only units in U p with this property. As such, we have
and it is readily shown that
As to the possible choices of P ¢ N £ we argue as in (a) but here we consider the action of two generators t 1 and t 2 and find that λ 
and consequently that λ
we again have elements of order 4 in U p and by the same method used in (a) and (b) we conclude that the only possibilities for P
and we observe that
Here, the possible choices for P
Regular Subgroups with Identical Normalizers
As alluded to in the introduction, there are certain symmetries amongst the R For a given regular subgroup N embedded in B, there is a related group which is presented in different ways, e.g. in [19] or [11] , but which is essentially the following. One key fact about the opposite group is this. Various other facts about a regular subgroup and its opposite must also be noted. One should observe how this parallels the classical construction of the holomorph of a group G as a subgroup of Perm ¢ G£ , as presented in [12] , for example. One has that Hol 
A e Γ . We conclude by observing that nA z n
As a consequence, we can, 
Proof. If we define
and so, by regularity,
and therefore M and N have the same normalizer. There is another possible 'pairing' of two N in a given R ¢ Γ£ . In 2.3, we gave the automorphism groups of the various groups of order 4p. We observe, and this is well known [9, pp.169-170], [25] and others, that D 2n and Q n have isomorphic automorphism groups for n 3, specifically Aut
In fact, not only are the automorphism groups of D 2n and Q n isomorphic, but surprisingly, so are their holomorphs. This fact is quoted in [16] and is a consequence of this isomorphism of the automorphism groups. If D 2n is presented as
and Q n as
then, as sets, both have the same elements 
as permutations of Z, keeping in mind that in the dihedral groups t
and that the image of the right regular representation of D 2n ,(resp. Q n ) is a normal subgroup of Hol
) and the result follows by 3.8.
In light of 3.9 and 3.10 above, we have that Hol
and that this single holomorph (normalizer) contains four regular subgroups whose normalizer is this one holomorph. 
Proposition 4.1: If
and so a typical element of the holomorph is of the form 
, as such a typical element of the holomorph has the form
and one can show that this only has order p if it has the form
Corollary 4.2: If
Note that this is a slight refinement of 2.10 (a) and (b) since the above shows that for N abelian we must have P
Proof. 
. Now, by 2.10 this must be of the form P i P j for the allowable P i , P j for the given Γ. The point is that P 1
and given the way the P i are defined, one must be P 1 . For example, P 1 cannot be contained in P 2 P 3 since this would imply (viewing
as an element of 4 p ) that
As a consequence, we have: Wreath products arise in a variety of contexts, in particular when one considers permutations which have blocks associated to them.
Definition 5.2:
If G is a permutation group acting transitively on a set Z, then a block is a subset X The following is presented as [8, Exercise 2.6.2] and we paraphrase it here. £ , the support of π i , then the Π i are a partition of Γ into blocks. As we saw in the discussion in 2.7, an order p element centralizes if and only if it is the product of powers of the π i which, of course, map each Π i to itself. However, if ε is in the centralizer, then it is possible for ε
Proposition 5.3: If G acts transitively on Z and X is a block for
provided the ordering provided by the cycle structure of the underlying π i is preserved, for then επ i ε
Specifically, we may impose an ordering on the Π i as follows. Pick arbitrary z i 
and thus
and find that
However, if we chose Π 2
and here too
Note that each copy of S 4 preserves the blocks Π i .
Proposition 5.4:
then by the argument in 2.7, we have that επ i ε
The claim is that we may choose the a i such that α Σ as defined above. For example, if απ 1 α
, that is α ¢ preserves the ordering given above. So depending on how α acts on all the blocks we can always rewrite it as π 
where α ¢ γ£ comes from α Σ (which chooses which block to move γ to) and α ¢ i£ is the index of the block to which γ was moved. We observe that:
The reason for the last line in the above computation is to show that the semi-direct product multiplication corresponds to composition of the corresponding permutations (from right to left), to wit,
Now, as to the normalizer of P , this is not quite a wreath product, (as the above centralizer is) but what Wells [27] (and others) term a 'twisted' wreath product. As it contains Cent B ¢ P £ it certainly acts transitively on Γ and moreover, respects the blocks Π i so by 5.3 it is embedded in a certain wreath product. Unlike the centralizer, however, the embedding is not of one wreath product into another. We present an explicit construction here in order to facilitate the computations we will need to do later in order to determine the N R ¢ Γ£ . First consider the case of the centralizer and normalizer of a cyclic subgroup C ¤ ¥ π¦ of order p inside S p . In this case, the centralizer of C is merely C itself, and the normalizer is generated by π and an 'automorphism', namely a cycle a of length p ¤ 1 (hence fixing one point) such that aπa 
and so we may view u as acting by 'scalar multiplication' on elements of 4 p . With this in mind, we have the following. 
Proof. We again consider the collection of blocks 
and, as in 5.5, the semi-direct product multiplication is compatible with the permutation composition, that is
and we note that the exponent of π β 
Proof. This is based upon consideration of a general n th power of
and so, for the order 2 elements we are constrained by the requirement that Now we need to check that the groups generated by these fixed point free elements are regular subgroups of B. Using this lemma we obtain all regular subgroups isomorphic to C 4p , E p and Q p . As to the others, which are generated by an element of order p and two elements of order 2 which commute, we have the following, which is a consequence of 5.9.
Lemma 5.12: Of the elements of type T2 and T4, the product of two such elements will have fixed points if and only if they have the same third coordinate.
For regular subgroups isomorphic to C p V and D 2p we have the following. 
which, by abuse of notation, we will still denote byp i . In order to construct the various N that may arise, we observe the following, which details how the various fixed point free elements of orders two and four act by conjugation on the variousp i . We will use the term invert or inverted to mean that, by conjugation, a given generator mapsp i top 
Also recall that ζ and ζ 
Using the remarks before the statement of the proposition, we find that
and for α ¤ e and w
We observe also that if we regard the action of Σ on a givenb
via the action of an element of S 4 on the coordinates as in 5.5 and 5.6, then we find that
since a given β may either fixp i or send it to up i for some u
The different cases are computed in a similar fashion.
We note the following basic facts about S 4 which are used throughout these calculations
Additionally, as C p V and D 2p both contain subgroups isomorphic to V we note when certain fixed point free elements of order 2 commute.
Lemma 6.5: The following relations hold
Proof. This is a simple application of 5.6 and 5.9, together with the observation (from 5.8) that for 
£
, as given in 3.11 and 3.12, will be manifested. Additionally, we shall note in 6.8 a recent result, [7] , of Childs which agrees with our count of
Again, we note some basic facts about the multiplication in Norm B
we have (where
is order 4 and fixed point free in accordance with 5.8. Moreover,
Now, in order that the right hand of 
, that is By direct calculation, 
First, we recall that E p is generated by an element x of order p and an element t of order 4 and that all the other elements of order 4 in E p are of the form x k t or x k t
Γ£ normalizes N then this order 4 element must be mapped to another of order 4 in N. By the above remarks, these are of the form 
and so we must have 
and this must therefore equal 
kζ . To determine k we take a slightly different approach than above. In N, given the generator 
where the first order two element in each case is central. As Z ¢ N£ is characteristic, then λ 
The point is that there is only one N with P
since, of the elements of order 2 in 6.3 that centralizep 2 , only those of the form 
Proposition 6.8: For
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